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Differentiation Proofs

Proof 1 Differentiate from first principals y = x*.
f(x)=x?
f(x +h) =(x +h)?
f(x +h)—f(x) =(x +h)? - x>

=x%+2xh+h? - x?

=2xh +h?
f(x +hr3—f(x) —ox+h
Lim—f(X *h) =) = 2X
h-0 h

Proof 2 Differentiate from first principals f(x) = x3
f(x)=x3
f(x+h)=(x+h)®
f(x+h)—-f(x)=(x+h)*-x3
=x%+3x’h+3xh? +h®-x3
=3x’h +3xh* +h®

PO =T) 2 342 1 gxh + h?

h
Lim XN =f(X) _ 5 2
h-0 h
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Proof 3 Differentiate from first principals f(x) =1
X
f(x):.l
X
f(x+h)=
(x+h)y=-"+
1 1
f(x+h)-f(x)= -=
(x+h)=f(x) ==
_X=(x+h)
(x+h)(x)
_x-x-h _ -h

C(x+h)(x)  (x+h)(x)

f(x+h)-f(x) . -1
h  (x+h)(x)

Lim FOCE) =) _ -1

h-0 h x?

Differentiation Proofs, Page 2 of 10



Proof 4 Differentiate from first principals f(x)=+/x .

f(x)=/x
f(x+h)=+4/x+h
f(x +h)=f(x) =+/x +h =+/x

_ (Vx+h =Vx)(x +h +4x)
Jx+h +4/x

X+h-Xx

T Jxeh X

_ h
X +h+4/x

f(x+h)—f(x): 1
h JX+h +\/;

L FOH) =00 1 1

o h NENEPN
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Proof 5 Differentiate from first principals f(x) = sinx

f(x) =sinx
f(x +h) =sin(x +h)

f(x +h)—f(x) = sin(x +h)-sinx

X+h+x). (x+h-Xx
= 2c0Ss sin
2 2

f(x+h)-f 2x +h Sin(;}
Limu=un3200$[ X2 J

h-0 h h
=COsX
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Proof 6 Differentiate from first principals f(x) =cosx
f(x) =cosx

f(x +h) = cos(x +h)

f(x +h)-f(x) :cos(x +h)—cosx

. (x+h+x} ) (x+h—x)
=-2sin sin
2 2

==-2 sin[zx -

. [2x+hj . [h)
—2sin sin| —
f(x +h)—-f(x) _ 2 2

h h
(h
2x +h Sm[Zj
=-2si [ j
h
(h
Sin| —
.{2x+hj [2)1
=-2sin —
2 ) h 2
2
_(h
F(x +h) —f(x) 2x +h Sm[Z)l
Lim————2=Lim- 28|n(} —
h-0 h h-0 2 h 2
2
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Proof 7 To find the Igimy =1.

a b

a is the centre of a circle so that [ab| = |ac| = r

Area Aabc < Area sector abc < Area Aabd

Area Aabc :%|ab||ac|sinz9

=1r.r sinz9=lrzsinz9
2 2
1.,
Area sector abc :Er 5

Area Aabd = %|ab|.h

tand = L
[ab]
h=|abjtan but[ab| =r
h=rtanJ

Area Aabd = %r 2tand

1rzsinﬂslrzﬂslrztanz?
2 2 2
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<tand

sind
<

sind< &
sind< § < divide across by sind
J

COos

1< <

sing cos

liml<lim
2-0 4

-0sing ¢-0cosd

N

Proof 8 If y =x" prove 3_y =nx"" this is a proof by induction .
X

Prove for n =1This must be done from first principles.
f(x)=x

f(x+h)=x+h
f(x+h)-f(x)=x+h-x=h
f(x +h)—f(x) -1

h
Lim fOx ) =F00) _
h-0 h

Assume for n =k
y =x* then dy _ kx
dx
Prove for n=k +1
y = x*** then dy _ (k +1)x*
dx

y = x*"* = x.x*this must be done as a product rule.

dy _ 1.x5 + x.kxk?
dx

=x* + kx"

= (k + D)X

Conclusion
Since true for n =1 and proven true for n =k +1 then true in general.
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Note Before we go on with the next proof it is worth knowing that.

dy _ X +hr3—f(x)

dx h-o

du _ Lim u(x +h)-u(x)
dx h-o h

av _ Limv(x +h)-v(x)
dx h-o

Proof 9 To prove the sum rule
f(x) =u(x) +v(x)

f(x +h) =u(x +h) +v(x +h)
f(x +h)=f(x) =u(x +h)+v(x +h)-(u(x)+v(x))
=u(x+h)=u(x)+v(x +h)=-v(x)

f(x+h)-1(x) _ u(x +h)—-u(x)+v(x +h)-v(x)
h h

_u(x+h)-u(x) N v(x +h)=v(x)
- h h

d_y:Lim—f(X+h)_f(X):d_u+d_V
dx h-o h dx dx
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Proof 10 To prove the product rule.

f(x) =u(x)v(x)
f(x +h) =u(x +hy(x +h)
f(x +h) —f(x) = u(x + h)v(x + h) —u(xV(x)
= u(x +h)V(x +h) =u(x)Vv(x +h) +u(x)v(x + h) —u(x)v(x)
=v(x +h)[u(x +h) =u(x)]+u(x)v(x +h) —v(x)]

f(x +h)=f(x) _v(x +h)u(x +h) —u(x)]+ u)v(x + h) -v(x)]
h h

v(x +h)-v(x)

=v(x +h) o

+u(x)

u(x +h)—-u(x)
h

d_y = L|mw :V(X)d_u + u(x)d_v
dx h-o h dx dx
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Proof 11 To prove the quotient rule.

f(x):%
f(x +h) =X
V(X +h)

u(x+h) u(x)

f(x +h)—f(x) =0 V00

_u(x+h)v(x)=—u(x)v(x +h)
- V(X +h(X)

_u(x+h)v(x)—u(x)v(x) +u(x)v(x) —u(x)v(x +h)
- v(x +h(X)

_ VOOl +h) —u)] ~uv(x +h) -v(x)]
V(X +h)v(x)

vO[u(x +h) =u(x)] =ux)v(x +h) =v(x)]

f(x+h)=f(x) _ h
h - v(x +h)v(x)
v(x) u(x + hg —u(x) —u(x)V(X + hg -V(X)
- V(X +hv(x)

du
dy _ e =10 Y00 gy ")
dx h-o h V(X)
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